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A SPARSE GRAHAM-ROTHSCHILD THEOREM

HANS JURGEN PROMEL AND BERND VOIGT

ABSTRACT. The main result of this paper is a sparse version of the Graham-
Rothschild partition theorem for n-parameter sets [R. L. Graham and B. L.
Rothschild, Ramsey’s theorem for n-parameter sets, Trans. Amer. Math. Soc.
159 (1971), 257-292]. In particular, a sparse version of Hales-Jewett’s theorem
is proved. We give several applications, e.g., for arithmetic progressions and
finite sums of integers, confirming conjectures of J. Spencer and of J. Neget¥il
and V. Rodl.

We also consider graphs defined on parameter sets and prove a sparse and
restricted induced partition theorem for such graphs, extending results from
[H. J. Promel, Induced partition properties of combinatorial cubes, J. Combin.
Theory Ser. A 39 (1985), 177-208] and [P. Frankl, R. L. Graham, and V.
Rod), Induced restricted Ramsey theorems for spaces, J. Combin. Theory Ser. A
44 (1987), 120-128].

1. Introduction. In their fundamental paper [1971] R. L. Graham and B.
L. Rothschild introduced the concept of parameter sets and established a Ramsey
theorem for parameter sets. Compare, e.g., Promel, Voigt [1986] for an account
on recent developments.

The idea to study graphs which are defined on parameter sets is quite natural and
apparently has been considered first in Deuber, Rothschild and Voigt [1982] gener-
alizing an analogous approach of J. Spencer [1975] for arithmetic progressions. A
Ramsey type partition theorem for parameter sets (an induced Graham-Rothschild
theorem) has been established, then, in Promel [1985].

Another line of research considers so-called ‘restricted’ questions. E.g., to get
a monochromatic m-parameter subset no complete (m + 1)-parameter set should
be necessary. With respect to the Hales-Jewett theorem, which is the case of
partitioning O-parameter sets, a restricted theorem has been proved in Deuber,
Promel, Rothschild and Voigt [1984].

Recently, P. Frankl, R. L. Graham and V. Rédl [1987] proved an induced and
restricted version of the Graham-Rothschild theorem. The Frankl-Graham-Rodl
paper pioneers applying the Nesetfil-R6dl amalgamation technique to the struc-
ture of parameter sets. The arguments are considerably short and clear, covering
particular cases of Promel’s induced Graham-Rothschild theorem and even estab-
lishing a restricted result thereof. Still another line of research considers so-called
‘sparse’ versions. E.g., to obtain a monochromatic m-parameter subset no short
cycles of m-parameter sets should be necessary.
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114 H. J. PROMEL AND BERND VOIGT

Using the probabilistic method, V. R6dl [1981] established a sparse version of
the Hales-Jewett theorem.

In this paper we combine all three approaches and prove a sparse and restricted
induced partition theorem for graphs on parameter sets. Our main technique is
that of amalgamations. We call it the Nesetfil-Ridl-technique, as similar ideas have
been used extensively by J. Nesetfil and V. Rédl to prove Ramsey type results for
ordinary graphs which are defined on sets, compare, e.g., Promel and Voigt [1987]
for an account.

The paper is organized as follows: In §2 we explain the concept of parameter
sets, resp., parameter words. In §3 we state our main theorem, a Sparse Graham-
Rothschild Theorem. §§4-8 contain a proof thereof. In §4 an auxiliary graph-
theoretic result is explained. §5 introduces the basic notion for our proof, that of
partite configurations. In §6 we explain how to amalgamate partite configurations.
Relevant properties of the amalgamation are given in §7. Finally, the proof itself
is given in §8. Although it contains some delicate details, the basic plan follows
ideas from Nesetfil and R6dl [1984]. §9 contains applications and corollaries of the
Sparse Graham-Rothschild Theorem. In particular, the existence of sparse van der
Waerden and sparse Rado sets is shown. This section can be read independently
from §§4-8. In terms of graphs which are defined on parameter sets the Sparse
Graham-Rothschild Theorem still restricts to considering complete graphs, lack-
ing a general result which covers, e.g., also Promel’s induced Graham-Rothschild
theorem. In §§10-14 we approach such a sparse and induced Graham-Rothschild
theorem. On the way we achieve a simultaneously restricted result. In §10 the no-
tion of graphs on parameter sets is described. In §11 we carry over the tools from
8§85 and 6, introducing partite graphs and their amalgamation. §12 shows how the
ideas from §8 can be adapted to prove the induced Graham-Rothschild theorem.
§13 gives the crucial definition of connectedness that is needed later on, in §14, to
formulate the Sparse and Restricted Induced Graham-Rothschild Theorem. This,
then, is the final result of our paper. Its proof follows the patterns of §§8 and 12.

2. Parameter sets and parameter words. Let A be a fixed finite and
nonempty set. We are interested in A", the set of n-tuples over A, and certain
subsets (parameter sets). O-parameter sets are simply singleton elements of A™.
In general, an m-parameter set M C A"™ is given by an m-parameter word f =
(foy-++y fn-1) € (AU {Xo,..., Am—1})". We require that each parameter A;, 7 <
m, occurs at least once in f. In order to avoid ambiguities we assume that A N
{Xilt < m} = J; the set of elements a € A should be distinguished from the set of
parameters );, 7 < m. For f € (AU{)o,...,Am-1})" and g € (AU{Ag,..., Ak—1})™
the composition f-g € (AU {)g,...,Ak—1})" is the word resulting from replacing
the parameter ); in f by g;, the ith component of g. Note that this composition
s well defined, regardless of f, resp. g, being parameter words. If, however, f and
g are parameter words then so is f - g. In particular, for k£ = 0, we obtain a set
M = {(f - (ag,-..,am-1)|(a0,-..,am—-1) € A™} C A™. This is the m-parameter
set related to f. Clearly, two parameter words yield the same parameter set if they
differ only by a permutation of their parameters. We get a rigid representation
requiring the first occurrences of different parameters to be in increasing order,
first Ag, then A;, etc. We give a formal definition.
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Let us denote by [A]() the set of all words (mappings) f: n — AU {Xo,...,
Am—1} satisfying
for every j < m there exists ¢ < n with f(¢) = );, and
min f~1();) < min f~1();) forall ¢ < j < m.

Mappings f € [A](].) are called m-parameter words of length n over A. For f €
[A](2) and g € [4](}) the composition f - g € [A](}) is defined as above, i.e.,
(f-9)(@) = f(5) if f(z) € A and (f - g)(s) = g(j) if f(z) = ;.

Observe that [A](5) = A™. For f € [A](.) the set M = {f - g|g € [A](T)} =
f - [A](}) is the m-parameter subset of A™ described by f. Note that we have
defined parameter words also with respect to one-element sets A, although the
interpretation of parameter sets as subsets of A™ does not make sense. However,
parameter words f € [{0}](}) represent families of k nonempty and disjoint subsets
of {0,...,n — 1}, viz., f~1(\;), 1 < k. Then f - [{0}] ('f) is the set of all unions of
these k sets. Using the language of extremal problems, [{0}](}) is the set’of strong
A-systems with k terms.

The Graham-Rothschild partition theorem for parameter sets (resp., parameter
words) asserts that

For every triple k,m and r of nonnegative integers there exists a positive integer
n such that

Jor every coloring A: [A](}) — {0,...,r — 1} there ezists

(¥) an f € [A](]) such that A(f - g) = A(f - k) for all

We abbreviate (*) by n 14], (m)k.

REMARK. With respect to k = 0 this is the Hales-Jewett theorem (Hales and
Jewett [1963]). For k > 0 the original proof appeared in Graham and Rothschild
[1971], for shorter ones see Deuber and Voigt [1982] or Spencer [1979].

By abuse of language we do not distinguish between parameter sets and the
corresponding parameter words and simply refer to [A](") as the set of m-spaces
in A™. For an m-space f € [A]([) the set f-[A](?), then, is the set of k-spaces in f.
So the assertion (*) says that for every r-coloring of the k-spaces in A™ there exists
an m-space with all its k-spaces in the same color (provided that n > n(r,k,m) is
large enough).

3. A Sparse Graham-Rothschild Theorem. The notions of an m-space
tnduced by a set of i-spaces and of cycles of m-spaces with respect to k-spaces are
crucial for our results. Let F C [A](?) be a set of i-spaces in A”. An m-space
[ € [A](}) is induced by F if f - [A](T) € F (all its i-spaces belong to &). By
{& }m we denote the set of all m-spaces which are induced by %, in other words,

{Flm ={f €Al [A(T7) € F}.

Next we introduce the concept of cycles with respect to intersections in k-spaces.

Let £ C [A](}) be a set of m-spaces in A™ and let k < m. A k-cycle of length

¢ in & is given by a sequence fo, ..., f._1 of mutually distinct m-spaces f, € &
and a sequence ho,...,hc_; of mutually distinct k-spaces h, € [A](}) such that

o € fy-LA)() N fyrs - [A(7) for v < = L and he-y € foms - [A)(T) 0 fo- [AI(E):
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In particular, a k-cycle of length two is given by two distinct m-spaces fo, fi € &
sharing two distinct k-spaces, in particular, fo and f; share a (k + 1)-space.

By k-girth € we denote the length of the shortest k-cycle in &.

The main result of this paper is the

SPARSE GRAHAM-ROTHSCHILD THEOREM. (a) Let A be a one-element set.
Let k,m,r and c be positive integers. Then there exists a positive integer n and
there exists a set F C [A(}) of 1-spaces such that

(1) k-girth {F }m > ¢, and

(2) (n,{F }m) — (m)¥, meaning that for every r-coloring A: {F }x — {0,...,
r—1} there exists an f € {F }m such that A(f-g) = A(f - k) for all g,h € [A](}).

(b) Let A be a finite set with |A| > 2. Let m,r and ¢ be positive integers and let
k < m be a nonnegative integer such that m - |A| > 3. Then there exists a positive
integer n and there exists a set F C A™ such that

(1) k-girth {F }m > ¢, and

(2) (7, {F }m) — (Mm)E, with the same meaning as before.

REMARKS. (1) The condition m-|A| > 3 just excludes the case k = 0, m = 1 and
|A| = 2 for which the result does not hold. Here only the weaker result mentioned
below is valid, compare also. the result of §14.

(2) Using the probabilistic method a weaker result can be established, however,
its proof is somewhat simpler (Rodl, [1981]; Rucinski, Voigt [xx]): given k,m,r
and c as above there exists a family & C [A](]) of m-spaces such that for every
r-coloring of the k-spaces in A™ there exists a monochromatic f € & but still &
does not contain short k-cycles. Unfortunately, such families & obtained by the
probabilistic method cover far more k-spaces than desired, viz., these k-spaces,
then, induce additional m-spaces, creating even cycles of length two.

(3) The essential feature of our result is that the m-spaces are induced by spaces
of lowest possible dimension. It is somewhat astonishing that with just one excep-
tion this is always possible. A weaker result would be, e.g., to require only a family
F C [A](}) of k-spaces satisfying (1) and (2).

4. A sparse product lemma. As a tool for proving the Sparse Graham-
Rothschild Theorem we need a certain sparse and induced version of the product
pigeon hole principle. This result has been proved in Prémel and Voigt [1987].

Notation. For sets P, and Qs,s < t, we denote by {Ps; — Qs|s < t} the set
of mappings 7: J,c, Ps = U< @s such that 7(8) € Qs for & € Ps (the sets Ps
should be mutually dlS_]Olnt).

Notation. Let p be a positive integer, let mo, ..., mp_1 be positive integers and
let Py and:Q; for s < t be nonempty sets. A p-partite graph on ]—[" <p™Mu With
values in {P; — Qsls < t} is given by a mapping ¥: [, mu — {Ps — Qsls < t}.

Let £ [I,<p™u — {Ps = Qs|s < t} be another p-partite graph with val-
ues in {P, — Qs|s < t}. Let X, € [m,]™* and let f,: m, — m, be the
monotone injection such that X, = {fu(k)lk < m,}. We say that J[, , X
spans a Z-subgraph of ?, resp., H‘Kp X, is a ¥-subgraph, if £ (ko,..., p—1) =
'?(fO(kO)a ceey fp—l(kp—l)) for all (ko’ ERRR} kp—'l) € Hy,<p My.

Note that for every g € |, ., Ps there exists a subset I C{0,...,p—1}, possibly

empty, such that & (ko,...,kp_1)(9) = & (kp,...,kp_1)(g) whenever k, = k,, for
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all u € I. As the set of such [ is closed under intersections there exists a minimal
such I which is denoted by I(g), resp. I(g), if we consider G. I(g) is the set of
coordinates on which the Z-value of g actually depends.

SPARSE PRODUCT LEMMA. Let &: [],.,mu — {Ps — Qs|s < t} be a p-
partite graph with values in {P; — Qs < t}, let w be an element of {Ps —
Qsls < t} and let r and c be positive integers. Then there exists a p-partite graph

%: [lu<p Mu = {Ps = Qs|s < t} and there ezists a family & of & -subgraphs of
Z such that

(1) I(g) = I(g) for all g € U, ., Ps,

(2) girth & > c, where the girth is defined in the usual way, considering & as
a family of subsets of [, <, M,

(3) for every coloring A: Z “Y(r) — {0,...,r — 1} there exists a &- subgraph
[T<pXu € & such that A(ko, ..., kp—1) = A(kg, ..., p—l) for all (ko, kp—1)
and (kp, ., kp_y) in TT,<, Xu with G(kos- - kpo1) = G(kby... Kh_y) =7, ie.,
ANE M (m) N[1,<p Xu) 15 a constant coloring.

Notation. Assertion (3) is abbreviated as (£,.%) — (¥). O

5. Partite configurations. The concatenation of finite sequences is denoted
by ®) i‘e‘a (an AR zm—l) ® (yOa (RS yn—l) = (230, <3 Tm—1,Y05- - - vyn—l)' Let us
agree that 7 denotes a nonnegative integer which is fixed throughout this and the
next section. Let Ay = AU{)o,...,Ai—1}. Typically, 2 = 0 or ¢ = 1, although for
later applications also other ¢ are of interest. For |A| = 1 we shall tacitly assume
that 7 > 1.

An m-partite i-configuration in A™ is a family () selAl(™) of subsets .#; C

A7%. Shorthand we write ./
configurations A, (4)(m) C A% and /e[A]( ) < A" is given by an f € [A](

ge(a)(™) C A%. An embedding between partite i-

mtn)

satisfying f - (9 ® #,) C g* ® M, for all g € [A](?), where g* = (f]@m) - g. In
particular, we require that f]m € [A](~ ), where f]m is the initial segment of f
consisting of the first m entries. If f is an embedding we write f: # selAl(™)

M ela)(7)- Observe that an embedding f € [A](**7) can be decomposed as f =

g m+n
(f1™) ® frait, where fian € (AU {Ai|¢ < m + n})? is such that the parameters
Amy .-y Am4n—1 Occur in fia; and their first occurrences are in increasing order.

Using this decomposition we see that fiai - (9 ® #y) C /l;.. Hence, the family
(frait - (9 @A) oelA](™) is an m-partite z-subconfiguration of ‘/[gG[ A(™) which can
be viewed as the image of the embedding f. Every h € [A] ('Z‘) gives rise to a
k-partite ¢-configuration .# selal(®) € C A':,‘,, namely the preimage of the embedding

h® (Aky---, /\k+ﬁ-l): ‘/{gG[A]('f) — ‘/[;G[A]('f')

More precisely, .#; = jh.g. By abuse of language we denote this k-partite -
configuration by "{;pgeh.[A]('.‘)'
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More generally, if f € [A](71") is such that f]m € [A](™") then f induces the

m+n

m-partite i-configuration /del A7) C A7} which is defined by
My ={he AL|f-(9®h) € A(s1in).q}-

We say that an l-space f € [4] (ﬁ'fﬁ) is induced by the m-partite i-configuration

‘/delA]('f') if f-[A] (i) is a subset of Uge[A]('Z') g ® #,. By abuse ?f language we

denote by {"de[ A (r:.)}; the set of l-spaces which are induced by /lge[ A7) Note

that for ¢ > 1 this necessarily implies that f]m € [A] (’f‘) In general we say that f
is crossing if f1m € [A](T).

6. Amalgamations of partite configurations. In this section we describe
the concept of amalgamation. Let “[ge[ Al(7) C A7 be an m-partite i-configuration
and let k be an integer such that ¢ < k < m. Let h € [A](}) be a k-space in
A’~". Recall that ./} geh-14](*) C A% is a k-partite ¢-configuration. Let ./126[ e -
A7 be another k-partite i-configuration and let & = {eo,...,e,—1} be a set of
embeddings )

&t My genta1(t) = Hoela(t)-

We want to define the amalgamation of /KQGIAI(”»‘) with (JIZE[A](@),Z’) along h,
which results in an m-partite z-configuration

/VgG{A]('.'«‘) = Hgela)(7) *h (/’Ge[Al(’:)’g)'

See the figure.
We need two auxiliary lemmas.

LEMMA 1. Let h € [A]() be a k-space in A™ and let z be a positive integer.
Then there exist parameter words

fi € (At
for 7 < z with the following properties:
(1) fi-z=fp-xforallj<j <zandallz€h-A¥, but f; -z # fj: -2’ for all
j<j' <zandallz € A™\ h-A¥ and all 2’ € A™;
() fi-9=fp-gforallj<j <zandalgeh-[A(¥), but f;-g# fjr- g for
all j < j' <z and all g € [A](T) \ h-[A](5) and all ¢’ € [A|(T);
(3) for every
g € [A1(M*™)

such that g-[A] (%) C U, <, fi-[A1(T) but g-[A](F) € U, <, fi-h-[A(3) there esists
J < z such that g - [A] (f) C £ 14107
(4) assume that |A| > 3, then for every
g€ [A](MHP™)

such that g- ACU;, f;-A™ butg-A & Ujc: fi-h- AF there exists j < z such
thatg-AC fj- A™.
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Myctan) he 14)(5)

®) /V,e[,q(:) : I | } [A1(%)

€;

€;

© MNeea(n):

L

A

119

} (417

) -

} [41(7)

Av‘_'z_+(z+1)~m

REMARK. For sets A with at least two elements assertion (2) follows readily
from (1). For sets with at least three elements assertion (3) follows from (4). In
human language, (1), resp. (2), assert that the m-spaces f; mutually intersect in
the k-space h and have nothing else in common. Moreover, (3), resp. (4), show
that any 2-space, resp. one-space, if |A| > 3, which is contained in the union of the
f; but which is not a subspace of h already belongs to one of the m-spaces f;.

PROOF OF LEMMA 1. Say, h = (ho,...,hm-1). For j < k let the number jo
be defined by jo = min{i < m|h; = A;}. As h € [A](7) the jo are well defined.
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Consider h = (ho, ..., Am—1) € (AU {);,|j < k})™ which is defined by

hi=h; ifh; €A,
=), if hy =\,

Let X = (X0,---,Am—1). Now we define f; € [A]((H':l)'m) by

[i=Im®h® - ®h®)\n® h® - ®h .

J-times (z—1-—7)-times

Observe that for every g € [A](") we have that h-g = g if and only if g € k- [A](%).
This readily implies assertions (1) and (2).
We now prove (3). Let
(142)-
geAl("T™)

be as in (3). First observe that already g = g]lm € [A](7}) and, moreover, 7 ¢

h-[A](%). Hence, h-g # . Let a be an element of A. As the two l-subspaces
g-(a,Ao) and g- (Ao, a) uniquely determine g, in particular, g (a, Ag) and gx (Ao, a)
determine g, it suffices to show that for some 7 < z both ¢ - (a, Ag) and g - (Ao, a)
are elements of f; - [4](7). So we have to show that for some j < 2

g(d,A0)=§(a,/\0)®i~z§(a,/\0)®®7L§(a,/\o)®§(a,/\o)
J
®h-g-(a,do)® - ®h-g-(a,Xo)

z—1—)

and
g- (’\O’a) =6(/\070’)®izg (’\Oaa)® ®il 'y(’\07a) ®_§(/\0,a)
J
®;L‘§-(/\g,a)®---®h~'g'~()\0,a)

z—1—3

belong to f; - [A](™). This follows as k- g # 3.

Assertion (4) can be verified using an analogous reasoning. Observe that we
have to use essentially the fact that |A| > 3, i.e., every 1-space contains at least
three 0-subspaces. O

The significance of the next lemma will be clear in the construction of the amalga-
mation. The problem is the following: consider the embedding e;: ./, geha)(¥) <

Wge[A](@), so e; € [4] (ﬁiﬁ) We want to find an €} € [A](:Ii) such that ej -
(h® (Ak, - -, Ak+n—1)) behaves like e;.

LEMMA 2. Lete€ [A] (zf,:) be such that e can be written as e = (Ao, ..., Ak—1)

® erait- Let h € [A](7). Then there exists e* € [A] (%) which can be written as

m+n

€ = (A0s---» Am—1) ® €5,y such that for all f € [A](*1™) it follows that
e (h® Ak, -, Aetn-1)) - ) = (- [1k) ® (erair - f).
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PROOF OF LEMMA 2. The construction of e* is straightforward. Again, for
J < k let jo = min{v < m|h, = A;}. Say, etait = (@0,...,05-1). Then define
e* =Xy s Am-1)® (0g,...,a5_;), where
al, =ay, ifa, €A,
= Amy; if oy = Aggj,
= Ao if @y = Aj for j < k.
This obviously has the desired properties. 0O

Now we can define the *j-amalgamation. For this purpose let the parameter
words

fi e [A1(EH)™)

for j < 2z be as in Lemma 1. Also let ¢} € [4] (xiﬁ) be as in Lemma 2 with respect

to k and e;. For g € [A](7') define #; C Ai+(z+1).m by
9@ = ¢ (984)8f; 9.

1<z
In pa,rticular, let ./lgj be defined by ¢ ® /lgj =€ (90 #)® fj-g. l\iote that
‘/IQJG[A] ") is an “gge[ A (.:.)-subconﬁguration of ‘/Vge[ A)() more precisely, /\m®e;f ®

fi ’lge[A](';‘) = Heray(m) has “/{,,]é[A](:?) as its image; compare figure (c). Note

also that ‘/Vh.geh.[A](;:) is isomorphic to %G[A}(’f)’ i.e., recall that for each g € [A] (':)

it follows that _
/I/I'vg:%@g@"'@g'
N, e’
(z+1) times
REMARK. Observe that the spaces e} and f; which are used in the amalgamation
do not depend on <.

7. Some properties of amalgamations. In this section we give some proper-
ties of the x,-amalgamation. We use the same notation as in the preceding section.

AMALGAMATION PROPERTY. For g € [A](7)\h-[4](¥) we have for all j/ < j < z
that £ NAF = @.

PROOF. Obvious, cf. Lemma 1 together with our tacit assumption that 7 > 1
for |[A|=1. O

This property actually justifies calling %, an amalgamation, it also shows that
figure (c) gives an appropriate depiction of ‘/’Ze[ AT

Recall that {/V;e[ A1(%) }« is the set of ind}lced k-spaces.

COLORING PROPERTY. Assur~ne that (./VgG[A](::),g) — (/»f,l,geh.[A](::))f, mean-
ing that for every coloring A: {/lge[ Al(%) }x — 7 there exists e; € & such that Ale;-
{2 gen(a) *) }x is a constant coloring. Then for every coloring A: oera ("_.)}k —
7 there exists e; € & such that A]{# I }k is a constant coloring.

h-ge[A](%)
PROOF. Obvious. 0O
Recall that for 1 < 7 < k any f € {‘lge[ A](",‘)}k is necessarily crossing, i.e.,

flm € [A] (',?) For 7« = 0 the situation is, obviously, different. Hence, in the
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following restrictedness property of the amalgamation we distinguish between 7 = 0
and 7 > 1.
RESTRICTEDNESS PROPERTY. (1) Let ¢ > 1 and let

feis, ge(A)(™ )}z+1 \ M gen. [a)(* )}H—l

Then there exists j < z such that f € {/[e[A]( )}1+1

(2) Let 7 = 0 and |A| > 2. Also let [ + |A]| > 3, excluding the case | = 0 and
4] =2.
Let f € {Mgeamtit1 \ {Mhgen-ar}ir1. Then there exists j < z such that
fe{#, eA'" b1

In human language: under certain conditions, the only (I + 1)-spaces induced by
N cla)(m) are those which are induced by one of the .#”’ selAl(™)

9
PROOF. Compare assertions (3) and (4) of Lemma 1. O
We extend the amalgamation to families of [-spaces of .#Z selAl(™) C A%. Let

Z C [A](™}™) be a family of I-spaces of /lge[A](".')' For j < z we denote by £7 the

7
i<z %7 we denote

corresponding family of I-spaces in /f cla(m)’ By @& =
the union of all these families.

CROSSING PROPERTY. If & is a family of crossing l-spaces then also & %, & is
a family of crossing [l-spaces.

PROOF. Obvious. O

GIRTH PROPERTY. Let & be a crossing family of I-spaces of ‘/lgG[ A7) Then
k-girth (¥ x, &) > {k-girth &, 2 - (k-girth &)}.

REMARK. k-girth& is shorthand for the k-girth of the family of images of
M. geh-(4](%) with respect to the family &. In particular,

j
k-girth& = k-girth {.# eh[A]()|_7<z}

PROOF. Let & be a k-cycle in & +, & = U;, %7, We view % as given by
a set of [-spaces in & *;, &, where |%’| is the length of the cycle. If & C &7 for
some j < z then |&| > k-girth®. Otherwise, and as & *, & is crossing, the set

ofthose/l oen4](%) such that f - [A]( )r‘l{/lj }k # D for some f € F

contain a k-cycle &,. However, for each such /l € %, the original cycle

geh-[A](%)

-geh-[4](%)
% contains at least two distinct f and f’ with

f[A]()ﬂ{./ZJ ()}k—fl [A]() { hgeh[A]()}k’

and one to leave it. Hence, || > 2 (k-girth&). O

€h-[4]

one to enter /f gen(Al(%)

8. Proof of the Sparse Graham-Rothschild Theorem. In this section we
prove the Sparse Graham-Rothschild Theorem. For doing so we introduce some
more notation and conventions. Let ¢ be a nonnegative integer, either 0 or 1,
depending on A. If |A] = 1 then ¢ = 1 and ¢ = 0 otherwise. Let a and b be
elements of A. If |A| = 1 then, necessarily, a = b. Let a # b for |A| > 2. Let
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s s A . .
n be a positive integer satisfying n 14, (m)¥. Such an n exists according to the

Graham-Rothschild partition theorem for parameter sets.

By @ we denote the sequence of length n+ 2 consisting just of a’s, @ = (a,...,a).
By X = (Ao, .- -, An—1) we denote the unique element in [A](7'). For j < z we denote
by

z; € [AI(* )
the sequence
2¥=3® -®i®aboi® i® - ®d .
e, i’ N, e’
J times (2—j—1) times
For h € [A](7) let h be defined as in the proof of Lemma 1. More precisely, say,
h = (ag,...,an—1). Then h = (60,--.,@n—1), where &, = o, for o, € A and
6y = Aj, for o, = )j, where jo = min{v < n|a, = A;}. For j < z and h € [4](})
let
% e A ()
be defined by
f;”=A®h®'-~®h®)\® h®: - ®h

J times (z—1—j) times

compare the proof of Lemma 1.
By ® we denote the concatenation of parameter words with renumbering the
parameters, this is something like a direct sum. More precisely, for g € [A](7}) and

h € [A[(™) we have that
g®h e [AI("T),
namely, for h = (ap,...,0m-1) let A = (af,...,al,,_,), where o, = a, for
o, € A and @}, = A4, for @, = \;. We define g®h = g ® htt.
By abuse of language we understand that
X®X®X= (’\0“'/\n—laAna"'a’\Qn—la’\O"'/\n—l)a

i.e., the renumbering refers just to the sequence next to ®.
Let y < z and let Y € [2]¥ be a y-element subset of {0,...,z — 1}, say, Y =
{Jos- .- 1Jy—1} in increasing order. The parameter word

= € (GG

is defined as
2% =d®... QERIQ B - RE RI® - - RAR d®---®d
N, N, N s’
Jo times (J1—Jo—1) times (2—3y-1—1) times
where, here, X = (Aoy-+-rAnt1)-
OBSERVATION 1. 2%, -z} =z} for v <y.

PROOF. Obvious. O
Let y < z and Y € [2]¥ be as above and let h € [A](}). The parameter word

fe7 e (A
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is defined as
"= Qh® - QhOIQR® - Qh®X®...0 Qh® - -®h
N e’ Nt s’ N e’
Jo times (31—Jo—1) times (z—1—jy—1)times
OBSERVATION 2. fy® - f = f* for v < y.

PROOF. Obvious. O
Let (fo)u<ng be an enumeration of [A](). We define an n-partite configuration

'/lgoe[A]('_') - {xu glv < no»g € [A]( )} by

_ {138 -glv<ndandgef, - [41(7)}-
OBSERVATION 3.

{‘/lge[A]( )}k - {f®xn° flv <n03f€ [A]( )}

and ,
{/e[A]( )}m = {fl/®zﬁ° : flllV < 'flg}

In other words, all k, resp., m-subspaces are crossing.
4] [
PROOF. For v < v and ¢, ¢’ € [A](7}) the parameter words z,,° - g and z,? - ¢’
O
generate a subspace which is not induced by {z,° - glv < nf, g € [4](7)}. D
The crucial property of the n-partite ¢-configuration /ﬂ ea)(?) is given in the

next observation.
OBSERVATION 4. Let A: {#°
and § in {A#£° LAl

is monochromatic, i.e., A]f - [A](?) is a constant coloring.
PROOF. Such a coloring A induces a coloring A*: [A](} ) — r by A*(g]n) =
A(g) for any g € {A, selAl(? )}k By choice of n there exists j < z such that f; is

selal(n )}k — 7 be such that A(g) = A(g) for all g

(r )}k with g]n = g]n. Then there exists f € {#° (r )}m which

g€(A]

monochromatic with respect to A*. Then fj®zj° - f; has the desired properties. O

Let (hp)p<, be an enumeration of [4](}) and assume by induction that the

n-partite configuration /Z elal(?) has been constructed such that

§ )mc({z,,0|u<n0}®{f"°"' lv<nf}@ - ®{f," " |v<nt}) g
(2) For every coloring A: {.#? }x — 7 there exists an embedding

h,,ln

oe(4](%)
»
I o)~ Zoeia(n)
such that A(f-g) = A(f-¢') forall g, ¢’ € {//{e[A]( )}k with g|n = ¢'|n = h, for
some u < p.
(3) k-girth {/{E[A]( )}m > c.

Note that (2) holds vacuously for .#° and (3) is also satisfied as, by Ob-

oel4](%)

servation 3, any two distinct m-spaces in {.#° pelAl(” )}m do not even have a common

i-space. (1) is obvious.
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We show how to construct .£ ”GT () such that it satisfies again (1), (2) and (3).
Consider hy, € [A](}). We define a (p+1)-partite graph G: [] - 2(141(%)

2([A](%)) denotes the power set of [A](¥)) by

u<p #

G(vo,...,vp) = {g € [A|(M)EE @ fo™ @ - @ for” RON( g9) EMF}.

Note that P ([A](¥)), the set of subsets of [A](¥) can be viewed as {[4](¥) — 2}.

For g € [A](¥) the set I(g) C {0,...,p} is the complement of the set of those
1 < u < p such that hy - g € hy_y1 - [4](%). By the sparse product lemma there
exists a (p + 1)-partite graph G: ], nit! — 9"’([.4]( )) such that I(g) = I(g)
for all g € [A](¥) and there exists a famlly

F={YY x - x Y2 € [nfT"8 x -+ x [nBT"B |y < 211}
of G-subgraphs of G such that I(g) = I(g) for every g € [4](%), girth & > ¢ and
- k

(G,&) — (G)[,A](‘). Observe that the k-partite z-configuration I
be described in terms of G as

geh, 14](%) A0
thp.g= {(Zy°®fho’nl ® - ®fhp lyn ) hpgl (VO,"'iup)e 1;[ nz
H=p

and gGG(Vo,...,up)}.

In particular,
OBSERVATION 5.

{#n o, 1ay() x

h
{(zug X LM for ) hy|(vos- ., ) € I1
USSP

and Gl .r1p) = [A](':)}-

PROOF. Obvious. O
We define a k-partite ¢-configuration N selAl(¥) by

~ p+1 ho, pt+1 h ’P+
%={(w’u‘3 @™ @@ furt ) by gl (o, ,vp) € T nB*!
Y H#p

and geé(uo,...,up)}.
Observe that this is a proper definition as I(g) = I(g) for all g € [A4](¥). For each

v< np 1 1 define the embedding

. P %
evi Ay gen1a(t) ~ Poelallh)
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b
Y S P hO,‘n 1 hp hn p+1
€y = (/\03"'a’\k—1)®(xy§/ ®f ! ®f )

Let & = {e,|v < ngﬂ .
OBSERVATION 6. Each e, actually is an embedding. Moreover, k-girth& > c.
PROOF. That e, is an embedding follows from Observations 1 and 2. That
k-girth & > c follows, then, as

. 1
girth{Yy' x --- x Y/|v < nzil} >c. O

;o N P k
OBSERVATION 7. (A A1(5)’ &) ('/lh,,~g€hp~[ A (,:)),.
~ k
PROOF. Observations 5 and 6 as well as the fact that (¥,.%) — (¥ )iA](‘).
We now define
A,

Y ian _lG[A]( ) ( gE[A](‘f)’g)'

ocl41(%)
OBSERVATION 8.

() = A gy b oetai(s) &)

PROOF. This follows immediately from the restrictedness property of the amal-
gamation. O

OBSERVATION 9. .#7 "['/1‘] ) again satisfies (1), (2) and (3).

PROOF. The first assertion is straightforwardly verified looking at the definition
of the amalgamation. (2) and (3), then, follow from the coloring property together
with Observation 7 and the girth property of the amalgamation together with
Observation 8. O

Finally, by Observation 4, the n-partite ¢-configuration / clal(?) has the desired

properties, i.e., let
F = U R A
9€14](7)
This completes the proof of the Sparse Graham-Rothschild Theorem. O

9. Applications and corollaries. In this section we give some applications
and corollaries of the Sparse Graham-Rothschild Theorem.

9.1 Sparse van der Waerden sets. In 1926 B. L. van der Waerden [1927] proved
a theorem which nowadays is known as van der Waerden’s theorem on arithmetic
progressions:

For every partition of the nonnegative integers into finitely many classes one of
these classes contains arithmetic progressions of arbitrary finite length.

Let us call a set S of positive integers a k-van der Waerden set if for every
partition of S into finitely many classes one of the classes contains an arithmetic
progression of length k. Clearly, such sets S contain a lot of k-element arithmetic
progressions. J. Spencer [1975] and, independently, J. Neset#il and V. Rodl [1976]
showed that there exist k-van der Waerden sets not containing any (k + 1)-element
arithmetic progression. They, then, raised the question whether there exist k-van
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der Waerden sets S such that the family of k-element arithmetic progressions does
not form short cycles, i.e., S should be sparse.

(We say that a family of finite subsets Ag,...,Ac.—1 of nonnegative integers
contains a cycle of length at most ¢ if |, . Al < (3, 14:) — ¢, so a cycle
of length two is given by two sets A and B intersecting in at least two vertices.
The reader should convince himself that this definition renders precise what one
intuitively would call a cycle.)

We answer this question in the affirmative:

For all positive integers k > 3 and c there exists a k-van der Waerden set such
that the family of its k-element arithmetic progressions does not contain a cycle of
length at most c.

For short: there exist sparse k-van der Waerden sets.

The existence of sparse van der Waerden sets follows from a slight strengthening
of the Sparse Graham-Rothschild Theorem which is explained in the next subsec-
tion. So we postpone the proof until §9.3. Sparse van der Waerden sets have been
also constructed, independently and using a different approach, by V. Rodl [1986].

9.2 A sparse version of the Hales-Jewett theorem. Years after van der Waerden
obtained his ‘Beweis einer Baudetschen Vermutung’, A. W. Hales and R. I. Jewett
revealed the combinatorial part of van der Waerden’s theorem. The Hales-Jewett
theorem [1963] is concerned with colorings of A", asserting the existence of a
monochromatic m-space.

Thus for ¥ = 0 the Sparse Graham-Rothschild Theorem actually is a sparse
version of the Hales-Jewett theorem. However, the same proof establishes, for
k = 0, a somewhat stronger result.

Let us denote by ¥4 the symmetric group on A, i.e., % is the set of all per-
mutations 7: A — A. By € we denote the identity.

DEFINITION. For nonnegative integers m < n we denote by [A] (™) the set of
mappings f: n — AU ({Ag,...,Am—1} X F4) satisfying

for every j < m there exists ¢ < n with f(¢) = (A;,€), more-
over, f(min f~1({);} x#4)) = (Aj,€) and min f~1({A\;} x ) <
min f~1({};} x F%) forall i < j <m.

For f € [A](?) and g € A™ (= [4] (5)) the composition f - g € A™ is defined by
(f - 9)() = J() if f(5) € A and (f-g)(5) = 7(g(5)) if (i) = (Aj, ). As before
M = f. A™ is the parameter set described by f.

REMARK. Actually, this generalized concept of parameter sets is the original
concept of R. L. Graham and B. L. Rothschild [1971].

A subset # C A™ is a configuration. An embedding of a configuration .# C A™
into a configuration .#” C A™ is given by an f € [4](") such that f-.# C . We
write shorthand f: # — 4.

Embeddings f € [4](]}), i.e., embeddings which are given by parameter words
in the sense of §2, are special embeddings.

The image f - .# is an .#-subconfiguration of .#". The binomial coeficient (’;)
denotes the set of .# -subconfigurations of /.

A cycle of length ¢cin & C (’;) is given by ¢ mutually distinct . -subconfigura-
tions A, MA,..., M, € & and ¢ mutually distinct vertices zg,...,Zc—1 € A
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such that zo € #oNM, 2, € M N Mo, ..., Tc1 € M#._1 N M. The length of the
shortest cycle in & is denoted by girth &.

A SPARSE HALES-JEWETT THEOREM. Let A be a finite set having at least
three elements. Let m, r and c be positive integers. Then there exists a positive
integer n and there exists a configuration 4~ C A’ such that

(1) girth(;7) > ¢,

(2) for every coloring A: A — r there exists a special embedding f: A™ — N
such that Alf - A™ is a constant coloring.

REMARK. Observe that (1) asserts that the family of A™-subconfigurations of
A (even in the generalized sense) does not contain short cycles, while (2) shows that
a monochromatic A™-subconfiguration can be obtained via a special embedding.

PROOF. An inspection of the proof of the Sparse Graham-Rothschild Theorem
for k = 0 shows that the same proof actually establishes the seemingly stronger
statement of the Sparse Hales-Jewett Theorem. The reason is that also a 1-space
in the generalized sense is determined by two of its vertices. O

9.3 Proof of ‘there exist sparse k-van der Waerden sets’. It is well known that it
suffices to prove the following result:

THEOREM. Let k > 3, r and c be positive integers. Then there exists a finite
set S of positive integers such that

(1) the family of arithmetic progressions of length k in S does not contain a cycle
of less than c,

(2) for every coloring A: S — r there exists a monochromatic k-element arith-
metic progression.

PROOF. Let A = {0,...,k — 1} and let .# C A™ be according to the Sparse
Hales-Jewett Theorem with respect to r and ¢ and m = 1. Let p be a prime number
which is sufficiently large, p > k + k2 suffices. Consider the mapping ¢: A™ —» N
which is given by ©(ao,...,0n-1) = X ;cn @ - P*.

We claim that the set S = ¢(#") has the desired properties. As, trivially, the
image under ¢ of a 1-space f € [4](}) is an arithmetic progression it remains to
verify (1). We show that preimages of arithmetic progressions in ¢(.#") are 1-spaces
in the generalized sense in .#". This follows immediately from the next lemma.

LEMMA. Let k be a positive integer and let p be a sufficiently large prime num-
ber, viz. k2 +k <p. Let Sp = {¥ ;0 P 0 < 0 <k}. Leta=3,_, a;-p' €Sy
and let b = ZKnﬁi'l’i; where 0 < B; < p, be such thata+s-b€ S, for0<s<k,
e, {a+s-bls < k} is an arithmetic progression of length k in S,. Then the
number b has the following special structure: Let f—1 =0; if Bi—1 € {p — 1,p — 2}
then B; € {0,p — 1,p — 2}, if B; € {0,1} then Biy1 € {0,1,p — 1}; Bn—1 € {0,1}.
Moreover, if B; =1 then a; = 0; if B; =p— 2 then a; = p—1; if Bi—, € {0,1} and
Bi=p—1thena;=p—1;if Bi_1 €{p—1,p— 2} and B; =0 then a; = 0.

PROOF. Say a+s-b =), , Vs -p', where 0 < ~;; < k. Now we proceed
by induction on 7. If 8;—; € {0,1} then, by induction, no overflow occurs into
the 7th position, i.e., vs; = (@; + s - ;) modp for 0 < s < k. As p is sufficiently
large we conclude that 3; = 0or 3; =1 or 8; = —1modp, i.e., §; € {0,1,p — 1}.
Moreover, if 3; = 1 then necessarily a; = 0 and if 8; = p — 1 then necessarily
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a; = k — 1. Note, then, that 3; = p — 1 produces an overflow into position z + 1
for each 0 < s < k. If B;_; € {p — 1,p — 2} then, again by induction, an overflow
occurs, i.e., vs,i = (; + s - f; + s) mod p;. By the same argument as before we see
that 8; € {0,1,p — 1}, ie., B; € {p — 2,p—1,0}. If B; = 0 then a; = 0 and if
Bi=p—2thena;=k—-1. O

9.4 A sparse finite union theorem. The particular case A = {0} and k = 1
of the Sparse Graham-Rothschild Theorem deserves special attention. Using the
interpretation given in §2 for A = {0} we immediately obtain

A SPARSE FINITE UNION THEOREM. Let m, r and c be positive integers.
Then there exists a finite family . of nonempty finite sets such that

(1) The set system {}m having & as set of vertices and edges {\U;c; SilI is a
nonempty subset of {0,...,m—1}} for each choice of pairwise disjoint sets Sy, ...,
Sm—1 € S such that also all unions Uie 1 Si belong to & has girth larger than c.

(2) For every r-coloring A: ¥ — r there exist m pairwise disjoint sets S, ...,
Sm—1 € such that for all nonempty I C{0,...,m — 1} the finite union U;c; S;
belongs to . and all these finite unions are colored the same. 0O

REMARKS. (1) For ¢ = 1, i.e., without any restriction on cycles, the corre-
sponding result is known as the Rado-Folkman-Sanders theorem, compare Graham,
Rothschild and Spencer [1980].

(2) For ¢ > 2 it particularly follows that . does not contain (m + 1)-mutually
disjoint sets together with all their unions. This restricted result has been proved
in Neget#il and Rodl [1986].

9.5 Sparse k-Rado sets. 1. Schur [1917] showed that for every partition of the
nonnegative integers into finitely many classes there exist integers z,y and = +
y in one of these classes. Schur’s investigations were motivated by attempts in
connection with Fermat’s last theorem. It has been said that also the motivation
for van der Waerden’s theorem on arithmetic progressions was coming originally
from the Berlin circle around Schur, cf. Brauer [1973].

In his celebrated thesis, then, which was written in Berlin under the supervision
of Schur, R. Rado [1933] gave a complete and satisfactory explanation of the com-
mon background of Schur’s and van der Waerden’s results, compare also Deuber
and Voigt [1983] or Graham, Rothschild and Spencer [1980].

In particular, from Rado’s investigations a generalization of Schur’s result, known
as Rado’s finite sum theorem follows immediately:

For every partition of the positive integers into finitely many classes and for every
positive integer k there exist integers xg, ..., Tk—1 tn one of these classes such that
for all nonempty I C {0,...,k—1} also the finite sum ), x; belongs to this same
class.

Nowadays it is well known that Rado’s finite sum theorem can be deduced easily
from van der Waerden’s theorem on arithmetic progressions and we do not hesitate
to repeat the argument, for another short proof see Negetfil and Rodl [1983].

We show by induction on (ko, ..., k,—1) that for every partition N =4 U---U
&,y there exists an 7 < r such that class % contains k; integers and all their
finite sums. By van der Waerden’s theorem we know that one of the % contains
arbitrary long arithmetic progressions. Say, &% contains {a +[-d|l <! < N},
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where N is sufficiently large. Consider {l-d|1 <! < N}. By induction, there exists
1 <4 < rsuch that & N{l-d|1 <! < N} contains k; integers and all their finite
sums or, otherwise, &% N {{-d|1 <! < N} contains ko — 1 integers and all their
finite sums. But then we may as well add a, the first element of the long arithmetic
progression in &%, to find kg integers as desired. O

Now let us call a set S of positive integers an m-Rado set if for every partition
of S into finitely many classes one of the classes contains m integers together with
all their sums (without repetition, as before).

In view of Schur’s result it is justified to call 2-Rado sets also Schur sets. J.
Nesetfil and V. R6d]l [1986a] showed that sparse Schur sets exist. Their proof is
based on the fact that Schur’s theorem can be deduced from Ramsey’s theorem for
pairs. Additionally, the existence of sparse Ramsey graphs is invoked.

Nesettil and Rodl, then, raised the question whether sparse m-Rado sets exist
for arbitrary m.

We answer this question in the affirmative.

Notation. If S is a set of positive integers we denote by {S},, the set system

having S as set of vertices and edges {} _,c; z:|/ is a nonempty subset of {0,...,m—
1}} for each choice of integers zo,...,Zm—1 € S such that also all sums } ;. z;
belong to S.

Sparse m-Rado sets exist. For all positive integers m and c¢ there exists an m-
Rado set S such that {S},, does not contain cycles of length at most c.

REMARK. In particular, for ¢ > 2, such an S does not contain (m + 1) integers
and all their sums. So this strengthens the result from Negetfil and Rod] [1986b).

The existence of sparse m-Rado sets follows immediately from the following
theorem.

THEOREM. Let m, r and c be positive integers. Then there exists a finite set
S of positive integers such that girth{S},, > ¢ but for every r-coloring A: S — r
there exists a set X € {S}y, such that A1X is a constant coloring.

PROOF. Let & be a finite family of finite and nonempty sets satisfying (1) and
(2) of the Sparse Finite Union Theorem (with respect to m, r and c¢). Without loss
of generality the elements of % are sets of positive integers. To each Z € & we
associate the positive integer n(Z) = Y_,., 3" and let S = {n(Z)|Z € &}. Then,
for Z and Z' disjoint elements of ., n(Z) + n(Z’) € Sifand only if ZU Z' € &
and, thus, S has the desired properties. 0O

10. Graphs over parameter sets. Let @ = (ag,...,a,) be a sequence of
positive integers. An a-graph on A™ is given by a mapping &: [4](T) — a; for
0 < ¢ < a (by abuse of language we use the same & for all ¢).

Whenever possible we simply say that & is an a-graph, resp., we write (m, &)
to indicate that & is an a-graph on A™. The intended interpretation is that
A™ is the set of vertices of the a-graph & and the mapping & indicates for each
i-parameter word g € [A](") which kind of edge it forms. The numbers & (g)
can also be interpreted as multiplicities, so & (g) = 0 indicates the absence of the
corresponding edge g. For |A| = 1 vertices should be interpreted as nonempty
subsets of {0,...,n — 1}, cf. our remark in §2.
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The notion of embeddings between a-graphs is defined straightforwardly. Let
(m, &), resp. (m,&), be a-graphs. An embedding f: & — & is given by an
f €[A](7) such that &(g) = Z(f-g) forall i <a and g € [A](7).

Observe that these notions are similar to those for ordinary graphs defined on
sets. In particular, subgraphs are induced subgraphs. More precisely, if (m, &)
is an o-graph and f € [A](7) then f induces the o-graph (m,&) by defining
&(g) = & (f - g). Somehow it is not that apparent, and so let us stress this
point, that we actually defined the analogue of ordered graphs. The reason is that
parameter words yield a rigid representation of parameter sets.

Notation. For a-graphs (m,& ) and (rn, &) we denote by (~) the set of &-

subgraphs of &, more precisely, ( )={felA(D)If: & — 1.

Apparently the notion of an induced partition theorem was first used by J.
Spencer [1975] who proved an induced van der Waerden theorem. A more ab-
stract, viz., categorical, framework for induced partition properties has been given
in Deuber, Rothschild and Voigt [1982]. A complete Ramsey type partition theo-
rem for a-graphs over parameter sets has been proved first in Prémel [1985a]:

INDUCED GRAHAM-ROTHSCHILD THEOREM. Let & and Z be a-graphs and
let v be a positive integer. Then there exists an a-graph F satisfying F — ()7,
meaning that for every coloring A: (;) — r there exists an f € (?) such that

Alf- (f,) 18 a constant coloring, i.e., there exists a monochromatic & -subgraph. 0O

This result is not that easy to prove, in fact, the original proof of Promel [1985a]
requires 20 pages in print. Recently, the particular case that at most one a; # 0
and, then, a; = 2 and #: [A](¥) — {0,1} being a constant mapping has been
given a short proof in Frankl, Graham and RG6dl [1987]. Using also some kind of
amalgamation technique, Frankl, Graham and Rodl prove an induced and restricted
result.

In §12 we show how our *j,-amalgamation can be used to give a relatively short
proof of the induced Graham-Rothschild theorem.

11. Partite a-graphs. In this section we adapt the notions introduced in §§5
and 6. An m-partite a-graph over A™*™ is given by a mapping & : [A] (m+") -
for ¢ < a such that &(f) > 0 implies that flm € [4](7), i.e., every edge is crossing.
Note that for every t <a and € < a; the m-partite a-graph g defines an m-partite
configuration .# "% setal(m) € C A% by

Myt ={feALIE(9® [) = &}.
Moreover, for every ¢« < a and g € [A](T) the set A7 is split into mutually dis-
joint subsets (A €| < a;). So & is uniquely determined from the m-partite

t-configurations .# 3 €[ ela)(m)’ t < aand € < ;. We refer to these configurations as

the m-partite i-conﬁguratwns associated with & .
A partite embedding of an m-partite a-graph &: [A)(™") — o into an m-
partite a-graph & : (4] (’"*") — a; is given by a graph embedding f € [A] (ziﬁ)

1,€ 71,6
s:uch that f]m € [A](7). In other words, f: /ZG[A]( m) /le[A]( S for every
1<aand € < a,.
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By (g)part we denote the set of partite embeddings f: & — &. This is well
defined with respect to given m and m. In the applications m and m will always
be clear from the context.

Next we define the amalgamation of partite a-graphs. Let &: [4] (m"'") — oy
for 7 < a be an m-partite a-graph. Let h € [A](7). By &, we denote the k-partite
a-graph on A¥*™ which is induced by &, i.e.,

&g =&((R® Mk, -y Akgn—1)) - 9)

for every g € [A](¥T"), i < a. Let & : [A](*T") — a; be another k-partite o-
graph on A¥*% and let F be a set of partite embeddings of &, into . Say,
F = {ey,...,€,1} C (é’{)pm' We define & = & *j, (¥ ,F), the amalgamation
of & with (¥ ,F) along h, which is an m-partite a-graph on A™+t7+(z+1)m hy
Z(e;-9® fj-(9Im)) = &(g) for every j < z, 7 < a and g € [A]("]"), and

Z(g) = 0 in all other cases. Here f; € [A](**1)™) is as in Lemma 1 of §6 and
e; € [A] (™17) is as supplied by Lemma 2 of §6. As  is nothing but a simultaneous

m+n
amalgamatlon of all the m-partite ¢-configurations ﬁ ne ela(™) one readily sees that

the properties of the amalgamation of partite conﬁguratlons listed in §7 carry over
to the amalgamation of partite a-graphs.

12. A proof of the induced Graham-Rothschild theorem. In this section
we show how the method of §8 can be used to prove the induced Graham-Rothschild
theorem (cf. §10). So let & and # be a-graphs and let r be a positive integer. We
have to show the existence of an a-graph & satisfying & — (¥)Z. Say # is an

a-graph on AF and € is an a-graph on A™. Let n be a positive integer satisfying
A . . . "
n (4] (m)E. This exists by the Graham-Rothschild partition theorem for parameter

sets. Let (fu),<ng be an enumeration of [A](2). We define an n-partite a-graph
&0 on Antz(n+2) by

E°f - 9@l - f,-9) = ()
for every v < 2,1 < a and g € [A4](7'), where z,, = [A4](* (")) is defined in §8.

Let £ (g) = 0 in all other cases. Compare the analogous construction of .#° vetal(?)

in §8. Now one applies an analogous procedure as in §8. For details compare §8.
We view & as a (crossing) m-partite a-graph and /# as a (crossing as well)
k-partite a-graph. Then

() pare S {F® 5 Nl <, r e (A1)}
and .
(%) pare = (/v ® (210 fu)lv < nB}.
This is the analogue of Observation 3 from §8. Note that, by construction, also the
analogue of Observation 4 is valid: if A: (?;) — r is such that A(g) = A(g) for

all g, ge ( )part with g]n = g]n then there exists a monochromatic &-subgraph

%0
in (% )part.

part
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Let (hp)p<q be an enumeration of [A](}) and assume by induction that the
n-partite a-graph g P has been constructed such that
(1) #3¢ C (&P < B} @ ("l < mfy @ @ {7y < nf}) g

for every 1 5 a, g € [A)(?) and € < a; (where the /# tefl A7) are the n-partite

hp 1,n

i-configurations associated with &?).

(2) For every coloring A: (i;) — 7 there exists an embedding f € (g:)

part part
such that A(f-g) = A(f - g) for all g,g € (%;)part with g]n = §|n = h,, for some
u < p. As in §8 we use the sparse product lemma to construct &P*1. So consider
hy € [A](%) and define a (p+ 1)-partite graph G on [], ., nf, by associating to each
(vo,...,vp) € [1,<, "L the subgraph of &P which is spanned by

hp—1,
fh®($uo ®fuo,n’® ®f - ln) fh-

So G is a (p + 1)-partite graph on [], ., n% with values in U,,{[4] (*) - a4}

By the sparse product lemma, this time with respect to ¢ = 1, there exists a
(p+ 1)-parEite graph G on [],., ni*! with values in U,,{[4] (%) — ai} such that
I(Z') = I(Z') for all a-graphs Z" on Ak and such that for every r-coloring
A: G7Y(#) — r there exists a monochromatic G-subgraph.

Let ngii be the number of G-subgraphs of G, i.e., le~t <, Xi €1l<p
v < n?T! be an enumeration of all G-subgraphs of G. Now define a k-partite a-
p+1

graph & by

AR

ho, nl‘H hp—1,n}p p+1

) hy-g) = G, -, p)(9)

for every (vo,...,vp) € [],<,ni*! and g € [4] (*), i < a and F () = 0 otherwise.
This is a proper definition as I(#’) = I(#") for all a-graphs /# on A*. For each
v< nﬂi define the embedding e, : é’h’: — F by

FeEw @ g @

ho,n% hp—h" pti )

6u=(/\0, Cy Ak— 1) (xyv ®f ® ®f

and let E = {e,|v < ngii}. Then let &P+! = &7 %, (¥ ,E). As in §8 one
checks that &P*! again satisfies the inductive requirements. Eventually &9 has
the desired properties, i.e. £9 — (£)7. O

13. #-connected a-graphs. It turns out that the appropriate definition for
the Sparse and Restricted Induced Graham-Rothschild Theorem is that of #-
connectedness.

Notation. Let g € [A](}) and h € [A](]) be two spaces in A™. We say that g
and h span the m-space f € [A](}.) if {g,h} C [ - [A](}) U [ - [A](¥) and for all
m’ < m and f' € [A](7) it follows that {g,h} Z /- [A](T)U S - [A](™) ie., [ is
minimal containing g and h

In this section let ¢ = 0 for |A| > 2 and 7 = 1 for |4] = 1. Recall that for
o-graphs & on A™ the set [A](") represents the set of vertices of &.
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Notation. Let & be an o-graph on A™ and let h and k' be vertices of Z, i.e., h,
k' € [A](T). We say that h and R’ are neighbors if

(1) there exists f € [A](7) for some | < a such that £(f) > 0 and {h,R'} C
f[AIG), or

(2) there exists g € [A](7) for some ! < a such that (g) > 0 and both {g, h}
and {g, '} span the same subspace.

REMARK. Compared with ordinary graphs and hypergraphs which are defined
on sets (1) is as expected, two vertices are adjacent if both belong to an existing
edge (hyperedge, resp.). Condition (2) makes no sense for sets.

DEFINITION. Let # be an a-graph on A* and let £ be an o-graph on A™, such
that m > 2 for |[A| = 2. We say that & is #-connected if for all f € [A](}}) such
that &% is isomorphic to a weak subgraph of H and such that any two distinct A,
W € [A(™)\ f-[A](¥) can be joined by a path not using vertices from f - [A] *,
.e., there exists a sequence h = go,...,gs = h' € [A](7) \ f - [4](%) such that g
and g;4+; are neighbors for all ¢t < s.

Here the notion of weak subgraphs is defined as follows: let &, resp. & ,_be
a-graphs on A™, resp. A™. An f € [A](T) is a weak embedding of & into & if

&(g9) € {0,&(f - g)} for all g € [A](T), | < a. In other words, some edges in &
might be missing.

14. A sparse and restricted induced partition theorem for a-graphs.
This section contains the final result of our paper. For families F of a-graphs we
denote by Forb(F) the set of all a-graphs not containing any member from F as
a weak subgraph. Let # be an a-graph on A", let & be an a-graph on A™ and
let G C ('?) be a family of &-subgraphs of & . In particular, G C [4](}), so,
forgetting the a-structure, G can be viewed as a family of m-spaces in A™. Thus
the notion of k-girth G, as defined in §2 makes sense.

SPARSE AND RESTRICTED INDUCED PARTITION THEOREM FOR «a-GRAPHS.
Let & and # be a-graphs and let F be a family of # -connected a-graphs such that
Z and # are members of Forb(F). Also let r and ¢ be positive integers. Then there
exists an a-graph F € Forb(F) and there ezists a family G C (?) of & -subgraphs
of & such that

(1) any two members of G intersect in an a-graph which is isomorphic to a weak
subgraph of #, possibly the empty graph, moreover, say, # is an a-graph on A*,
then any intersection of members of G which i3 a k-space induces an # -graph (not
Just a weak subgraph);

2) (F,G) — (£)7, meaning that for every coloring A: (3) — r there exists
a g € G such that Alg - (;) is a constant coloring;

(3) k-girth G > ¢,

(4) if & itself is & -connected then G = (;), i.e., in this case the family G can
be chosen as the family of all & -subgraphs of & .

PROOF. With little changes we proceed essentially as described in §12. We
point out the differences. The construction of & is somewhat different. Let F#°
be an a-graph such that F° — (£)7 . Such an #© exists by the induced Graham-
Rothschild theorem. Say, #© is an a-graph on A™. Let ( fv)u<ng be an enumeration
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of (% ) clA ) where, say, & is an a-graph on A™ by go(f,,-g@:cf,'g fur9)=Z(g)
for every v < n and g € [4](7), 1 < a, and &°(g) = 0 otherwise. Observe that,
alternatively, £€° could be defined as & 0(g®acf,lg -9) =F(g) forall g € f, - [A](T),
so &0 obeys a kind of uniform description.

Let G° = {f, ® 1,° - f,|v < nd} C (‘g;). Let (hp)p<q be an enumeration of
(g,o) Note that ( ) C [A](}), where, say, Z is an a-graph on A¥. Assume

by induction that the n-partite o-graph &? and the family GP C ( ) have been
constructed such that

(1) #3¢ C ({8 < By @ (" < nl} @ @ {ff"""";lu <ng})-g
for every i 5 a, g € [A](?) and € < a; (where the ME ) are the n-partite

i-configurations associated with &?);

9€(A)(7

(2) for every coloring A: (gp) — 7 there exists an embedding f € ( )part such

that f - G® C GP and such that A(f - g) = A(f - §) for all g, § € (%), with
gln = g|n = hy, for some p < p;

(3) k-girth GP > ¢;

(4) if & itself is #-connected then G? = (£));

(5) any two members of GP? intersect in an a-graph which is isomorphic to a
weak subgraph of /#, possibly the empty graph, however, any intersection in a
k-space is an #-graph;

(6) for every i < a, g € [A](}) and € ¢ {0, %(g)} we have that #£¢ =@

(7) &P € Forb(F).

Clearly, (&9, G?) satisfy (1)-(7).

We construct (£7+!, GP+1) using the sparse product lemma. Consider hp and
define the (p + 1)-partite graph G on [],,nf as in §12. Note that (6) implies
that G(vo,...,1p)(9) € {0,F°(hy - 9)} “for every (vo,...,vp) € [[,<,n and
g € [A]( ), © < a. In other words, G is a (p + 1)-partite graph with values in
Usca Uperar(t) 1} = 0,57°(hy - 9)}}.

By the sparse product lemma there exists a (p + 1)-partite graph G on
[Tu<, it with values in U<, Uge[A}( ){{g} — {0,%°(hy - g)}} and there ex-

ists a fam1ly & of G-subgraphs with the usual properties. In particular, girth
& > c. Asin §12, resp., §8, construct the k-partite a-graph & together with the
set E = {e,|v < n21]} of embeddings e, : &, — & . Then Observation 9 applies,
in particular, k-girth E > ¢. Also, any mtersectlon of members of E in a k-space is
an # -graph.

The additional observations about & are (say & is a k-partite a-graph on
Ak+1h):

OBSERVATION 10. %, can be weakly embedded into #Z for every h € [4](*+™)
such that hlk € [4](F).

PROOF. Recall that h,: # < F° and G is a (p + 1)-partite graph with values

in Ui<q Ugerayty g} — {0,y 9)}}. D
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OBSERVATION 11. For every h € [A] (’”]".'7') such that h)k ¢ [A] (?) and j > 1
if |A| = 1 (i.e., % is not just a vertex) the subgraph .%, is not connected, in
particular, it is not /#-connected.

PROOF. Consider any vertex h - § of %, such that k- 1k € [4](£). As F(g) =0
for all noncrossing g we conclude that h - § is not a neighbor of any vertex of %,
i.e., h-gisisolated. O

COROLLARY. %, € Forb(F). O
Now we define
EPHl = &Py, (F,E) and GP!=GPx, E.

We check (1)-(7).

(5) is satisfied by Observation 10,

(3) follows from the girth property of *-amalgamation,

(2) follows from the coloring property of *-amalgamation and Observation 7,

(4) and (7) follow from the next observation (compare the restrictedness property
of *-amalgamation)

OBSERVATION 12. Assume that every two members of E intersect in an a-
graph which is a weak subgraph of /# (which is satisfied by construction); then
any #-connected subgraph of &P+! already is contained in one of the &P for

p+1 v _ wptl
v<n where &PV = &} .
P+ X@er®f.

PROOF. By the amalgamation property any two distinct £P* and &P inter-
sect in a crossing subgraph of #. By Lemma 1 vertices £7¥ and &£P*' both not
belonging to the intersection can be joined only via the intersection, contradicting
Z -connectedness. 0O

(1) follows (as in §12) immediately from the definition of the amalgamation

(6) follows from the construction of % .

Finally, then, £ and G? have the desired properties. O

REMARKS. (1) An analogous result for ordinary graphs and hypergraphs defined
on sets has been established in Promel and Voigt [1987]. In this paper also an
example is given which shows that some kind of connectedness has to be required
to guarantee assertion (4).

(2) This result extends the Frankl-Graham-Ro6dl [1987] result.

15. Other structures. Cum grano salis, our methods apply also to other
structures such as affine, resp. projective, spaces over finite fields. The interested
reader can easily figure out details. Compare, e.g., Graham, Leeb and Rothschild
[1972], Spencer [1979], Deuber, Voigt [1982], Promel [1986], Frankl, Graham and
Rodl [1987].
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